Chapter 2 Free Response Questions

1)

Let f(x)=4x—3x-1.
(a) Find the x-intercepts of the graph of f.
(b) Write an equation for the tangent line to the graph of fat x=2.

(c) Write an equation of the graph that is the reflection across the y-axis of the graph

of f.

2)
Given the function f defined by f(x)=2x> —3x* —12x+20.
(a) Find the zeros of f.
(b) Write an equation of the line normal to the graph of fat x =0.
(c) Find the x- and y-coordinates of all points on the graph of f where the line tangent
to the graph is parallel to the x-axis.
3)

2x+1, forx<2

Let f be the function defined by f(x)=<1 ,
57 +k, forx>2

(a) For what value of & will f be continuous at x =2 ? Justify your answer.

(b) Using the value of & found in part (a), determine whether f is differentiable at
x = 2. Use the definition of the derivative to justify your answer.

(c) Let k=4. Determine whether f is differentiable at x =2 . Justify your answer.



4)
Let f be the function defined as follows:

|x—1[+2. for x<1

f(x)= {

ax’ +bx, for x=1, where a and b are constants.

(@) Ifa=2 and b=3,1s f continuous for all x? Justify your answer.
(b) Describe all values of @ and b for which f is a continuous function.

(c) For what values of @ and b is f both continuous and differentiable?

5)

-5
Let  be the function given by f(x)= >
X

x> —4

da. Find the domain of f.

b. Write an equation for each vertical and each horizontal asymptote for
the graph of f.

c. Find f'(x).

d. Write an equation for the line tangent to the graph of f at the point
(0.£(0)).

6)

Let f and g and their inverses f 1 and g_1 be differentiable functions and let the values
of f, g. and the derivatives /' and g’ at x =1 and x =2 be given by the table below.

IS
3 2 5 4
2 2 T 6 7

Determine the value of each of the following.
(a) The derivative of f+g atx =2
(b) The derivative of fg atx =2

f

(c) The derivative of — atx=2
g

(d) h'(1) where h(x)= f(g(x))

(e) The derivative of g_1 atx =2



7)

8)

9)

Consider the curve defined by the equation y +cosy=x+1 for 0< y<27.

Iy
(a) Find 2 in terms of V.
dx ‘

(b) Write an equation for each vertical tangent to the curve.

2

.. dy .
(c) Find : in terms of y .
dx”

Given the curve x+xy+2 y2 =6.
(a) Find an expression for the slope of the curve at any point (x,y) on the curve.
(b) Write an equation for the line tangent to the curve at the point (2.1).

(c) Find the coordinates of all other points on this curve with slope equal to the slope at

(2.1).

.

C
100

The figure above represents an observer at point 4 watching balloon B as it rises from
point C. The balloon is rising at a constant rate of 3 meters per second and the observer is
100 meters from point C.

(a) Find the rate of change in x at the instant when y =50.

(b) Find the rate of change in the area of right triangle BCA at the instant when y =50.

(c) Find the rate of change in 6 at the instant when y =50.



10)

1 .. : .
The volume 7 of a cone (V = gm‘th is increasing at the rate of 287 cubic units per
second. At the instant when the radius » of the cone is 3 units, its volume is 127 cubic

: . : |
units and the radius is increasing at 5 unit per second.

(a) At the instant when the radius of the cone is 3 units, what is the rate of change of
the area of its base?

(b) At the instant when the radius of the cone is 3 units, what is the rate of change of its
height A?

11)

Let f be the function defined by f(x)=-2+ In(x?).

(a) For what real numbers x is f defined?
(b) Find the zeros of f.

(c) Write an equation for the line tangent to the graph of fat x=1.

12)

Let f be the function given by f(x)=In Ll .
x —

(a) What is the domain of f?

(b) Find the value of the derivative of f at x =—1.

(c) Write an expression for f(x). where ™ denotes the inverse function of f.



13)

A particle moves along the x-axis in such a way that at time 7 > 0 its position coordinate

is x =sin(e’) .
(a) Find the velocity and acceleration of the particle at time 7.

(b) At what time does the particle first have zero velocity?

(c) What is the acceleration of the particle at the time determined in part (b)?

14)

A particle moves on the x-axis so that its position at any time =0 1is given by
x(H)=2te” .

(a) Find the acceleration of the particle at 7=0.

(b) Find the velocity of the particle when its acceleration is 0.

15)

Y

\/x2—4.

Let f be the function given by f(x)=
(a) Find the domain of f .
(b) Write an equation for each vertical asymptote to the graph of .

(c) Write an equation for each horizontal asymptote to the graph of f .

(d) Find f'(x).



16)

2

Line / istangent to the graph of y =x —SXE at the point Q , as shown in the figure

above.

(a) Find the x-coordinate of point Q .

(b) Write an equation for line /.

x2

(¢) Suppose the graph of y=x 300 shown in the figure, where x and y are
measured in feet, represents a hill. There is a 50-foot tree growing vertically at the
top of the hill. Does a spotlight at point P directed along line / shine on any part
of the tree? Show the work that leads to your conclusion.

17)

Let f be the function given by f(x)= Vxt—16x? .

(a)
(b)
(c)
(d)

Find the domain of f.
Describe the symmetry, if any, of the graph of f.
Find f'(x).

Find the slope of the line normal to the graph of f at x=5.



18)

ax+b

Let f be the function that is given by f(x) = and that has the following

x* —
properties.
(1)  The graph of f is symmetric with respect to the y-axis.
(1) lim f(x)=+eo
x—27

i) f1)=-2
(a) Determine the valuesof a. b ., and ¢ .

(b) Write an equation for each vertical and each horizontal asymptote of the graph of f.

(¢) Sketch the graph of f in the xy-plane provided below.

Consider the curve defined by x* +xv+ 1> =27.
(a) Write an expression for the slope of the curve at any point (x.v).

(b) Determine whether the lines tangent to the curve at the x-intercepts of the curve are
parallel. Show the analysis that leads to your conclusion.

(c) Find the points on the curve where the lines tangent to the curve are vertical.

20)
The radius r of a sphere is increasing at a constant rate of 0.04 centimeters per second.

a.) At the time the radius of the sphere is 10 cm, what is the rate of increase of its
volume?

b.) At the time the volume of the sphere is 36z cubic cm, what is the rate of increase
of the area of a cross section through the center of the sphere?

c.) At the time when the volume and the radius of the sphere are increasing at the

same numerical rate, what is the radius?



21)
Let p and g be real numbers and let f be the function defined by:

1+2p(x—1)+(x—1)2. forx<1
gx+ p. forx>1.

o

(a) Find the value of ¢, in terms of p. for which f is continuous at x=1.
(b) Find the values of p and ¢ for which f is differentiable at x=1.

(¢) If p and g have the values determined in part (b). is f" a continuous function?
Justify your answer.

22)

As shown in the figure above, water is draining from a conical tank with height 12 feet
and diameter 8 feet into a cylindrical tank that has a base with area 4007 square feet.
The depth 4 , in feet, of the water in the conical tank is changing at the rate of (A—12)

feet per minute. (The volume V of a cone with radius » and height 4 is V' =%7rr2h )

(a) Write an expression for the volume of water in the conical tank as a function of 4 .

(b) At what rate is the volume of water in the conical tank changing when 4 =3?
Indicate units of measure.

(¢) Let y be the depth, in feet, of the water in the cylindrical tank. At what rate is y
changing when 4 =3? Indicate units of measure.



23)

2
N

A circle 1s mscribed 1n a square as shown in the figure above. The circumference of the
circle 1s inecreasing at a constant rate of 6 inches per second. As the circle expands, the
square expands to maintain the condition of tangency. (Note: A circle with radius 7 has
circumference C =277 and area A=7mr")

(a) Find the rate at which the perimeter of the square 1s mcreasing. Indicate units of
measure.

(b) At the mnstant when the area of the circle 1s 257 square inches, find the rate of

icrease in the area enclosed between the circle and the square. Indicate units of
measure.

24)

The trough shown in the figure above is S feet long, and its vertical cross sections are
inverted isosceles triangles with base 2 feet and height 3 feet. Water is being siphoned out
of the trough at the rate of 2 cubic feet per minute. At any time 1, let 4 be the depth and
V be the volume of water in the trough.

(a) Find the volume of water in the trough when it is full.
(b) What is the rate of change in & at the instant when the trough is i full by volume?

(c) What is the rate of change in the area of the surface of the water (shaded in the

figure) at the instant when the trough is ; full by volume?



25)
o— 10 cm ———+

A container has the shape of an open right circular cone, as shown in the figure above. The height of the
container is 10 cm and the diameter of the opening is 10 cm. Water in the container is evaporating so that

its depth A is changing at the constant rate of I—S cm/hr.

(Note: The volume of a cone of height & and radius r is givenby V = %ﬂrzh.)

(a) Find the volume V of water in the container when A = 5 cm. Indicate units of measure.

(b) Find the rate of change of the volume of water in the container, with respect to time, when 7 = 5 cm.
Indicate units of measure.

(c) Show that the rate of change of the volume of water in the container due to evaporation is directly
proportional to the exposed surface area of the water. What is the constant of proportionality?



Answers APQ after 2.2

1)

(a) Mustsolve f(x)= 45 —3x—1=0_The polynomual can be factored by using long
division or synthetic division. Possible rational zeros are +1, = % i% . Since

f(1)=4-3-1=0, divide the polynomial by x—1.

4x% +4x+1 1 4 0 -3 -1
x—1)4x3 “3x-1 4 4 1
4x° — 452 4 4 !
+4x° -3x
+4x7 —4x

x—1

Therefore f(x)=(x— 1)(4x2 +4x+1D)=(x-D(2x+ l)2 and the x-intercepts are
1

x=1and x=——.

®) f'(x)=12x*-3
f'(2)=48-3=45

f@2)=25
The equation of the tangent line 1s y—25=45(x—2) or y =45x—-65.

(c) The reflection across the y-axis 1s given by f(—x). So the equation 1s
¥y =f(-x)=4(-x)’ —3(-x)—1=—4x> +3x-1



2)

(a)

(b)

©

F()=2x=3x" ~12x+20 = (x-2)(2x" +x—10)=2(x—2)2(x+%J

The zeros of f are at x=2 and xz—z-

f'(x)=6x> —6x—12: £'(0)=-12

The slope of the normal line 1s m =— L =L; f(0)=20
£ 12

The equation of the normal line 1s

1 1
—20=—(x—-0), or y=—x+20, or 12y =x+240
y 12( ). or y > y

The tangent line will be parallel to the x-axis if the slope 1s 0.
f'(x)=0=6x"-6x-12=0

6(x—-2)(x+1)=0=>x=2-1

f(=1)=27 and f(2)=0

The coordinates are (—1.27) and (2.0).



3)

(@)

(b)

(©

f(2)=5

Im 2x+1)=35

x—2"

i 1 >

Im | —x"+k |=2+k
x—2F

For contmuity at x =2, we must have 2+ k=35, and so k= 3.

We compute lim IACIRPAC) :

x—2 x—2

lim 2x+1-5 _7

-2 x-2

124325
lim 2 =2
x—2* x—2

So f'(2) exists and f'(2) =2

When k =4,

lim £(x)= lim (%x2+4)=6

x—2F x—=2%

Hence f 1s not continuous at x = 2 and so 1s not differentiable at x = 2.



4)

(@)

(b)

(©

No. f1s not continuous for all x since 1t 1s not continuous atx = 1.

xli-?ll-f(x)zz’ f@)=5
~ hm f(x)= /()

x—=1
or

lim £(x)=2, lim, f(x)=5

x—=1"

- hm f(x)= llm f(x)

x—)l"

f)=a+b

or

lm f(x)=a+b
x—1"
The function f 1s continuous when a+5b=2.

69 -1 if x<l1
x)=
2ax+b 1if x>1

To be continuous and differentiable at x = 1, must have
a+b=2

2a+b=-1
Therefore a=-3 and b=5.



5)

X¥2, X* -2

VA@Xx=2,x=-2 HA@y=0

2(x—D(x-1)
(x* —4)°

f'(x)=

5 1

y——:

3~ 2070

6)

(f+8) (=1 (2)+£'(2)=6+7=13

(f2) (2)=f(2)g' )+ f'(2)g(2)=2-T+6-1=14+6m

I o _gDS@-f(g'@) _m6-2:7_6n-14
2)- D@ _m6-2:7_6n-
g (22) . .

(fe2))=r"(eW'V)=/(2)4=64=24

h= g_l(g(h)) . Therefore 1= (g_l)’ (g(h))-g'(h).Leth=1. Then

1=(g™)' @) g'W

1y =t 1
(g )@ 704



7)
dy dy

@ E’—smyzﬂ

ay oy
E(l—sm})—l

y__1
dx 1-smy

(®) %mdeﬁnedwhen siny =1

T

J o e—




8)
(a) Implicit differentiation gives
x+xy+2y° =6
1+ ﬂ+ +4 £=0
o T

& __1+y
dx x+4y

%:—%=—%- Therefore the equation of the tangent line 1s

y-l=-%(x—2), or y=—%x+%,or 3y+x-5=0.

(®) Atthe point 2,1),

1+y 1
© x+4y_ 3
x 4
“l-y=—-_"
Y=7373
3 3

y=3-x
Substituting this into the equation for the curve gives

x+x(3-x)+23-x)% =6
x+3x—-x +18-12x+2x" =6
XX -8x+12=0
(x-6)(x-2)=0

Therefore x = 6 1s the only other point on the curve with the desired property. The
coordinates at this point are (6,-3).



9)

(a) x2 =y2 +100?

2x£-2yﬂ
dt dt
dx_3-50 35
At 50, 505 and —
y=50.x= 05 a0l 5
Explicitly: x= y* +100° :E= 2y b
2Jy +1002 dt
= 3
3125 )
=im,

100
(b) A=Ty=50y

%—sody =50-3=150 m/s

Yy
tanf=—
() tan 100
sec‘9—= 1 a)’
dat 100 dt 100
ﬁ:imsze
dt 100

At y=50, cose—ﬂandtheref ore — =

504/5 dt 100

de 3(



10)
2

VzlAh
3
dv

1 dh 1 dA

Bl Pt dy Mot
dt 3 dt 3 dt

1

dh 1
28t =—(9n)—+—4(3m
( )dr 3 (3m)

3
dt

(a) A=mr

When r =3, d—A:2m~£:2n-3-l:3n
dt dt 2
1_»

(b) Vzgnr h or
dv 1 _ ,dh 2 dr
—=—Tr"—+—Ttrh—
dt 3 dt 3 dt

1 dh 2 1
28n=—n(9)—+—7n(3)(4)| —
3 ()dr 3 ()()(2)
dn _
dt
11)

(a) f(x) is defined everywhere exceptx=0
(b) The zeros are =¢
(c) y=2x-4

12)
(a)

X

=0

x—1

x>0and x—-1>0=x>1
x<0and x-1<0=x<0
x<0or x>1

, ,_x-ll(x—l)—x
® £ @)=
_ -1
Cx(x-1)
1.m|x1-1n|x-1|=.~f*(x)%-I‘_l




13)

(a) x=sin(e")

t t
v=—=¢ cos(e)
dt

= % = e'(cos(e’) — €' sin(e"))

(b) v(f)=0 when cos(e’) =0. Hence &’

T
zero. and so 1 = 1115 .

2
(c) a lnE =£(cos£—£sinE __T
2) 2072 272

15)

(@) X<—2orx>2

or|x|>2

) x=2,x=-2

(© lim——
x4

=1

. X
lim ——
X——<0 x.. _4

y=Ly=-1

@ m—x[é (x2 —4)_1"2 Zx]
f(x)= -

=-1

16)

T . . .
5 gives the first time when the velocity is



(a) Let Q be (a, a-%)

(dy_,_ x
dc 250
Setting slopes equal:
2
a-=—_1-20
_a _ 500
250 a
| a=100
3
(b) y= gx +20
(c) Height of hill at x=250: y=250- ﬁ
500
=125 feet

Height of line at x=250: y= %(250)+ 20
=170 feet

Yes, the spotlight hits the tree since the height of the line is less than the height of
the hill + tree, which is 175 feet.

17)
(@ x*-16x*20 (© f'(x):%(x‘—1613)""':(41”—323()
(x -16)=0 x(x? -8)
¥ z16orx=0 -m
3=
. . , 3625-1625
(b} The graphof f is symmetric about the y-axis because f(—x) = f(x). 170
5
3
3

3

Tbcztfortﬂxslopcof&cnmmllimism:—ﬁ.



18)

(a) Graph symmetric to y-axis =f1s even

f (—x )= f (X) therefore a=0
hmf (x ) +oo therefore ¢ =4

_4
f'(x)= =
(x2—4)’
—2=f'(1)=—72b therefore b=9

9
®) f(x)==—
x" -4
Vertical: x=2. x=-2

Horizontal: y =0

19)
(a)2x+xv"+v+21" =0
, =2X—=¥
r‘. =
x+2y

(b) fy=0,x" =27

r=%33

233
at x =33, 1.."=—=—-

atxy = —%J_ 3\/_ =-2

Tangent lines at x-intercepts are parallel.

(e)

B it o L
Lo
= N
-

(c) v  undefined if x+2y=0
(23) +(=2v)y+y =27
3_1-"2 =27
y=213

Points are (—6. 3) and (6.—3)



20)

a. 2V o =167 cm’/sec
dt
dA
b. E\Hm =247 cm®/sec
C.r= I cm
o 2n
21)

(a) Must have f(1) = lim f (x)and f(1)=1
lnn f(x)=p+gq and lun f(x)=1

x—-1*
Therefore p+qg =1
g=1-p
(b) lim f'(x)=2p
-1
lim f'(x)=gq
x—-17

So for f'(1) to exist, 2p=gq

f'(1) exists implies that f 1s continuous at x = 1. Therefore g=1-p.

Hence 2p=1-p.
1 2

p=§. q=§

(¢) No. f" is not a continuous function because it is not continuous at x = 1. This is
because f"is not defined at x =1, or because lm f"(x)=2and lim f"(x)=0.

22)
r 4 1 1
L_T__ =—h
@ =173 73
2 3
Vzl:r(lh) =ﬁh
3 27
dv :rh dh
d 9 dt
!rh‘ 9

Vis decreasmg at 97 ft’/ min

x—1" x—l1"

(c) Let W= volume of water in cylindrical tank

W =400ry; (L—lj'= 4001?%

40()1:& =971
dt

_ . 9 )
is increasing at — ft/min
Y &4 200



23)

a. d—P=%z7.639 in/sec
d =m

b. d—A‘A=25n ~8.197 in’/sec

24)

a. V=15 ft’

b. dh s _2 ft/min
dt V=7

¢. A s =2 f/min
dt |v-;

25)

a.Vv =gﬂcm3

12
4V 5=—En cm’ [ hr

dt |h=5r= 8

C. av_ —inhz; Constant: 3
dt 40 10



