Chapter 9 AP Problems

1. CALCULATOR

A particle moves in the xy-plane so that its position at any time t, for —=x < ¢ < &, is given by x(t) = sin(31)
and y(1) = 21

(a) Sketch the path of the particle in the xy-plane provided. Indicate the direction of motion along the path.
(Note: Use the axes provided in the test booklet.)
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(b) Find the range of x(¢) and the range of y(t).

(c) Find the smallest positive value of ¢ for which the x-coordinate of the particle is a local maximum. What is
the speed of the particle at this time?

(d) Is the distance traveled by the particle from ¢t = —x to ¢t = & greater than Sx ? Justify your answer.
2. CALCULATOR
Attime t, 0sts 2z, the position of a particle moving along a path in the xy-plane is

given by the parametric equations x =’ sin7 and y = e’ cos?.

(a) Find the slope of the path of the particle at time 7 = ’E’ .
(b) Find the speed of the particle when t=1.

(¢) Find the distance traveled by the particle along the path from r=0 to t=1.



3. CALCULATOR

During the time period from =0 to 7=6 seconds, a particle moves along the path
given by x(¢)=3 cos(nt) and y(¢) =5 sin(nz).

(a) Find the position of the particle when r=2.5.

(b) On the axes provided below, sketch the graph of the path of the particle from
t=0 to t=6. Indicate the direction of the particle along its path.

(¢c) How many times does the particle pass through the point found in part (a)?
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(e) Write and evaluate an integral expression, in terms of sine and cosine, that gives the
distance the particle travels from 7= 1.25 to r=1.75.

4. NO CALCULATOR

The figure above shows the graphs of the circles 2% + 4* = 2 and y
(xr —=1? + y* = 1. The graphs intersect at the points (1,1) and (1,-1). 2}
Let R be the shaded region in the first quadrant bounded by the two

circles and the r-axis. f

(a) Set up an expression involving one or more integrals with respect to ) 3

x that represents the area of R. i
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(b) Set up an expression involving one or more integrals with respect to

y that represents the area of R.
(¢) The polar equations of the circles are r = +/2 and r = 2cosf, respectively. Set up an expression

involving one or more integrals with respect to the polar angle # that represents the area of A.



5. NO CALCULATOR

Consider the polar curve r= 2sin(36) for Osé6sax.

(a) Inthe xy-plane provided below, sketch the curve.

(b) Find the area of the region inside the curve.

(c) Find the slope of the curve at the point where #= %

6. NO CALCULATOR

Let R be the region inside the graph of the polar curve » = 2 and outside the graph of the
polar curve r= 2(1 - sin6).

(a) Sketch the two polar curves in the xy-plane provided below and shade the region R
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(b) Findtheareaof R .

7. CALCULATOR
Consider the curves r =3cos0 and r=1+cos0.

(a) Sketch the curves on the same set of axes.
(b) Find the area of the region inside the curve » = 3cos® and outside the curve

r=1+cos0 by setting up and evaluating a definite integral. Your work must
include an antiderivative.



8. CALCULATOR

A particle moves on the circle x* + y* =1 so that at time 7 >0 the position is given by

2
the vector l—l"). 2r? .
1+ 1+¢°

(a) Find the velocity vector.
(b) Is the particle ever at rest? Justify your answer.

(c) Give the coordinates of the point that the particle approaches as ¢ increases without
bound.

9. CALCULATOR

A particle moves in the xy-plane so that at any time 7= 0 its position (x,y) is given by

y
x=e +e and y=¢€'—¢ .
4 -+
(a) Find the velocity vector for any 7>0.
3 +4
dy
(b) Find lim —4 21
t—>x dx
dt 1
(c) The particle moves on a hyperbola. Find an equation for this hyperbola in terms of
x and y. L
(d) On the axes provided, sketch the path of the particle showing the velocity vector for
t=0.
10. CALCULATOR
The position of a particle moving in the xy-plane at any time 7, 0 </ <27, is given by
the parametric equations x =sin7 and y =cos(27). "
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(a) Find the velocity vector for the particle at any time 7z, 0 < 7 <27,
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...........................

(b) For what values of 7 is the particle at rest?

.............

(c) Write an equation for the path of the particle in terms of x and y that does not Lo
involve trigonometric functions. R

(d) Sketch the path of the particle in the xy-plane below.



11. CALCULATOR

The position of a particle at any time >0 is given by x(f)=+ -3 and y(?) = % r.

(a) Find the magnitude of the velocity vector at 7=5.

(b) Find the total distance traveled by the particle from =0 to r=5.

(c) Find L as a function of x .
L
dx

12. CALCULATOR
A particle moves in the zy-plane so that the position of the particle at any time ¢ is given by
z(t) =2 + e ™ and y(t) = 3e3t — 72t
(a) Find the velocity vector for the particle in terms of #, and find the speed of the particle at time ¢ = 0.
dy

d; ,
(b) Find & in terms of f#, and find lim ——.
dx t—o0 dT

(¢) Find each value t at which the line tangent to the path of the particle is horizontal, or explain why
none exists.
(d) Find each value ¢ at which the line tangent to the path of the particle is vertical, or explain why

none exists.

13. CALCULATOR

A particle moving along a curve in the plane has position (x(7), ¥(7)) at time 7, where

ﬁ =vt* +9 and d—‘ =2¢" + 5¢7"
dt dt

for all real values of 7. At time 7 = 0, the particle is at the point (4. 1).

(a) Find the speed of the particle and its acceleration vector at time 7 = 0.

(b) Find an equation of the line tangent to the path of the particle at time 7 = 0.
(c¢) Find the total distance traveled by the particle over the time interval 0 < ¢ < 3.
(d) Find the x-coordinate of the position of the particle at time 7 = 3.

14. CALCULATOR
An object moving along a curve in the xy-plane has position (x(#), y(7)) at time 7 = 0 with

ax _ .. 5.2 dy 4
=123t andﬁ—hl(l+(t—4) )

At time 7 = 0. the object is at position (—13, 5). At time ¢ = 2, the object is at point P with
x-coordinate 3.

(a) Find the acceleration vector at time f = 2 and the speed at time 7 = 2.
(b) Find the y-coordinate of P.
(c) Write an equation for the line tangent to the curve at P.

(d) For what value of #, if any. is the object at rest? Explain your reasoning.



15. CALCULATOR
An object moving along a curve in the xy-plane is at position (x(z), ¥(7)) at time 7, where

% = tan(e_’) and % = sec(e_t)

for £ = 0. Attime 7 = 1, the object is at position (2, —3).

(a) Write an equation for the line tangent to the curve at position (2, —3).

(b) Find the acceleration vector and the speed of the object at time 7 = 1.
(c) Find the total distance traveled by the object over the time interval 1 <7 < 2.

(d) Is there a time # = 0 at which the object is on the y-axis? Explain why or why not.

16. CALCULATOR
An object moving along a curve in the xy-plane 1s at position (x(z), y(¢)) at time ¢ with

dy

dx = arctan ( ar

] (2 )
dt 1+r,) and 2 = In(¢* +1)
for + = 0. Attime ¢ = 0, the object 1s at position (-3, —4). (Note: tan™ x = arctan x)

(a) Find the speed of the object at time 7 = 4.

(b) Find the total distance traveled by the object over the time interval 0 < ¢ < 4.
(c) Find x(4).

(d) For ¢ > 0, there 1s a point on the curve where the line tangent to the curve has slope 2. At what time ¢ 1s the
object at this point? Find the acceleration vector at this point.

17. CALCULATOR

A particle moving along a curve in the xy-plane has position (x(7). (7)) at time 7 > 0 with

dx dv t*
i V3t and s 3cos( > J

The particle is at position (1, 5) at time 7 = 4.

(a) Find the acceleration vector at time ¢ = 4.

(b) Find the y-coordinate of the position of the particle at time 7 = 0.

(c) On the interval 0 <7 < 4. at what time does the speed of the particle first reach 3.5 ?

(d) Find the total distance traveled by the particle over the time interval 0 < 7 < 4.



18.

B
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Let r be the function given by r(8) = 30sin 0 for 0 < 6 < 27z. The graph of r in polar
coordinates consists of two loops, as shown in the figure above. Point P is on the graph of r and
the y-axis.

(A) Find the rate of change of the x-coordinate with respect to 6 at the point P.
(B) Find the area of the region between the inner and outer loops of the graph.

(C) The function r satisfies 3—; = 3sin@ + 30cos6. For 0 < 6 < 2r, find the value of @ that

gives the point on the graph that is farthest from the origin. Justify your answer.



Ch 9 AP Problems - ANSWERS

1.

(a)

¥

>
Z
Z

(b) —1<=z(t)<1
—2m < y(t) <27

—

() z'(t) = 3cos3t =0

™ T
st=";t="1
2’ 6
Speed = +/9 cos®(3t) + 4
T
At t =
6,

Speed = \/90052 (g) +4 =2

(d) Distance = f: 9cos®(3t) + 4 dt

= 17.973 > 57

2.
dx :

(a) . =e'sint+e' cost
it

dy _ . o

— =¢'cost—é' sint

dt

dy dyldt e (COSI—SiIlT)

dx dx/dt e (sint+cost)

_E ﬂ_e’”z(o—l)_
2 dx €7(1+0)

at ¢ -1

2

(b) speed = \/(e' sint+e' cosr)2 +(e’ cost—e' sin r)

when 7 =1 speed is

esinl+ecos1)’ +(ecosl—esinl)’ :e«/E
J( Y +( )

(c) distance is
! [ T 2 t r .z 2
(e sint+e cosr) +(e cost—e smt) dt
0
1 1
= _[O \/Zez’ (sin2 t +cos’ r) dt = jo J2¢' dt

=\/§(e—l)

=+2¢€

1
0

(b)

(d) x'(r)==3zsin(zt) y'(t)= 57 cos(xt)
v(t)= <—37: sin(7t),57 cos(m‘))

(e) distance = .“11.27: \/932 sin’ (7t )+ 257° cos® (xt) dt

=5.392




4.
(a) Arca=j;:\/l—(z—l)2d$+ﬁﬁ\l2—x2d:v

(b) Area = J:(\ﬂ—y? —(1—\11—y2))dy

(c) Area = J;% %(\/ﬁ)z dé + f;f %(2 0059)2 do

Ler o I, 1.
(b)AZE-[O 4sin 39d0—jo (1—cos69)d9—[9—gsm69:|

0

or z“'”1‘34sin2 30do=---=rx
2 Jo
6 ri6 )

or —j 4sin“30d0=---=rxw
2 Jo

(c) x=2sin3fcosé
y=2sin360siné

%:—25i1136$i110+6cos390030

% =2sin38cos@ +6cos38siné

dy

At9=£, =—2and£=—4, SO
4 do de

dy_2_1

dx -4 2

n

=7

A=lf”[22—(2(l—sin0))2]d0
0
= ZJ:(Z sin @ —sin’ 9)(1’0

=4[ singd6 - [ (1-cos26)de

:_4C059‘Z —[9—%Si1129:|

=[-4(-1)+4(1)]-[z-0]

=8-r

0




(b) The intersection occurs when 3cos6 =1+cos0

cosﬂ:l
(a) 2
y e:iz
[ 3
1 ) 1 /3 2 2
Area =EI_H/3((3c056) —(1+cos0) )d(—)
1,73 P
=EI_T[/3(8cos 0—-1-2co0s0)d06
|
1 p¢n/3
ZEI /3(4+4c0526—1—2c0s6)d6
=T
i t > X
-1 1 3 =%I_T[T/;3(3+4c0526—2c059)d6
I L (36+25in20-25in6)| ">
- _2( +2sin260—-2sin )|_7[/3
=l(7t+2sin2—n—2sin£—(—n—Zsinz—n+sin£)j
2l 2 3 3 3 3
=7
8.
@ de  (1+87)(=20-(1-12)(2)  —4t
dt (1+2°) (1+2°)
dy  (1+£)(2)-2t2t)  2-2f
dt (1+1%)? (1+1%)?
S -
. . —4t 2-2t"
The velocity vector is = =
(1+t7) (A+t7)
b ﬂ=0 atz=0 and ﬂ: 0 at 7 =1. Therefore there is no # such that ﬂ=ﬂ=0 at
d d
t t t
the same time. Hence the particle is never at rest.
1-12 il_l
(© limx() = lim —— = lim L—=—1
t—wo t>o | +¢t° o L+1
2
lim y(#) = lim =lim —=0
t—o t>o |41t oo 1
—+t
t

Hence the particle approaches the point (—1,0) as 7 increases without bound.

9. o
(ix' B d _ @ v(0)=2j=(0. Z)V
(a) —=e—-e’ Do yet '
dt dt 5 o _o¢ o]
© x“=e" +2+e -
- - -~ (C 51
v(t) = (et —e e+ e_t) = (er —e_t)i + (et + e_[)j ‘,2 2 S, Y
(b) Method 1 T

2 2
Therefore x™ —y~ =4 '

1
1+7
lim—¢— =1

t—)wl_i




10.

(@) x=sin(f), y =cos(2f)
x ﬂ o
i cos(?), i 2sin(2t)
v= (cos(?),—2sin(2t))
(b) y=0> cos(t) =0 and —2sin(2¢)=0

Therefore cos(#) =0 and —4sin(z)cos() = 0. The only choice is cos()=0.

T 37

Therefore the particle is at rest when 7 = >

@

............................
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C x> =sin’ 1), y=cos2 f)=1—2sin’(¢
? .
y= 1-— 2x2
1. 12.
(@) x'(t)=2t ¥ (t)=2¢ (a) 2'(t) = 6e* —7e™
¥(5)=10 v'(5)=50 y'(t) = 9e* + 2%
Velocity vector is < 6e* — 7e™™, 9e3 + 2¢72¢ >
[v(5)] =10 +50* =+/2600
=10+/26 =~ 50.990 Speed = \Z/(0) + g0 = /(1P + 112
5 — = V122
(b) jo VAP +4t* dt N
5 > d dt 9e* +2e7*
=j02r\/1+r- dt (b) Ey=%=w
2 ’ it
3/2
==(1+¢7)
3 0 1 d_y - 1 9631 + 26—21 _ g B §
2/ iNods  iboo6ed —Te T 6 2
=§(26 ?-1)=87.716
, IJOUG 6XIafe’
dy _¥'(t) 2f , .
() — P — (¢) wmeeq A () =0 pns 84 + 56_5, > 0 IOL 9] ¢ 20
1X X \1 [
d (¢) 2t
Y=t =3 1 =x+3 (d) Need z'(t) = 0 and y'(t) = 0.
=+/x+3 6edt = Te—Tt
d — 7
l =+/x+3 Clm = g
X
1 7




13.
(a) Attime 7 =0:

Speed = \/x'(O)2 +y(0)? = V32 +7% =58

Acceleration vector = (x”(0), »"(0)) = (0, -3)

dy _y(0) _71
®) dx  x(0) 3

Tangent lineis y = %(x -4)+1

: _ 3 4 2 ! -1)?
(c) Dlstance—g0 \/(\/t +9) +(2e + Se ) dt

= 45.226 or 45.227

3
@ x(3)= 4+j0 Vi +9 dr
=17.9300r 17.931

14.
@) x"(2)=0,y"(2)=—-2=-1882

17
a(2) = (0, -1.882)
Speed = /122 + (In(17))? = 12.329 or 12.330

() (1) = $(0) + [ In(1+ (u - 4)*) du

W2) =5+ _[02111(1 +(u—-4)") du =13.671

dy
_ _dar _In(17) _
(c) Attt =2, slope = & - 12 = 0.236
dt

y—13.671 = 0.236(x — 3)
X(t)=0ift=0,4
Y()=0ift=4
t=4

(d)

15.
dy _
o B )
dx  dx tan(e") sin(e_’)
dt
dy 1
e — = 2.780 or 2.781
dx (2,-3) sin(e‘l)
y+3=—t—(x-2)
sm(e" )
2 ’ 4
© [N @) + (1) de =1.059
@ x(0)=x(1)- [ ;x'(t) dt =2 —0.775553 > 0

The particle starts to the right of the y-axis.

to the right and thus is never on the y-axis.

(b) x"(1) =—0.42253, y"(1) = —0.15196

a(1) = (-0.423,-0.152) or (—0.422, —0.151).

speed = \/(sec(e_l))2 + (tan(e_l))2 =1.138 or 1.139

Since x(¢) > 0 for all £ > 0, the object is always moving




16. 17.
(@) Speed = {¥(4)* + y(4)? = 2912 (@) a(4) = (x"(4), y"(4)) = (0.433,-11.872)
4 2 2 0 2
(b) Distance = BO J(%) + (%) dt = 6.423 (b) y(0)=5 +54 3COS(%]d! =1.600 or 1.601
4 ’
© X(4)=x0)+ [ ¥()a © Speed = (Z(1)) + (/1))
=-3+2.10794 = —-0.892
2
- J3z + 9cos> (’—J =35
@ 2
(d) The slope is 2, so g; =2, or ln(t2 + 1) = 2arctan(ﬁ).
dt The particle first reaches this speed when
) o o t = 2.225 or 2.226.
Since ¢t > 0, ¢ = 1.35766. At this time, the acceleration is
(X"(2), Y"())l 1 35766 = (0-135,0.955). .
2
(d) r J3t + 9cos? [t—J dt =13.182
Jo 2

18.

(a) x =rcos@ = 36sin Bcos @

Atpoint P, @ = z

5
dx .
a0 =—4.712

O=rx/2

1 27 17~
(B) Area = = L (r(8))* d6 — 5]() (r(8))* d6 = 139.528

(C) 3sin@ + 30cos8 = 0 = 0 = 2.028758,0 = 4.913180

o r(0)

0 0
2.028758 5.459117
4.913180 —14.443410

2 0

The value 8 =4.913 gives the point on the graph that is farthest from
the origin.




