Ch 5/6 Free Response Questions

Oil 1s being pumped continuously from a certain oil well at a rate proportional to the
amount of oil left in the well; that is, % = ky. where y is the amount of oil left in the

well at any time 7 . Initially there were 1,000,000 gallons of oil in the well, and 6 years
later there were 500,000 gallons remaining. It will no longer be profitable to pump oil
when there are fewer than 50,000 gallons remaining.

(a) Write an equation for y , the amount of oil remaining in the well at any time 7 .

(b) At what rate 1s the amount of o1l in the well decreasing when there are 600,000
gallons of oil remaining?

(¢) In order not to lose money, at what time 7 should oil no longer be pumped from the
well?

(a) Find the general solution of the differential equation xy'+y=0.

(b) Find the general solution of the differential equation xy'+ y = 2x2_v )

(¢) Find the particular solution of the differential equation in part (b) that satisfies the
condition that y =e* whenx = 1.

3.

Let f be a function with f(1) = 4 such that for all points (z,y) on the graph of f the slope is

ivenb'sm‘z*1
g A %

(a) Find the slope of the graph of f at the point where z = 1.
(b) Write an equation for the line tangent to the graph of f at z = 1 and use it to approximate

f(1.2).

dy 32*+1
(¢) Find f(z) by solving the separable differential equation d_j: = 2—; with the initial
condition f(1) = 4.

(d) Use your solution from part (c) to find f(1.2).
4.

Consider the differential equation % = Bf\_ '

o2
(a) Find a solution y = f(z) to the differential equation satisfying f(0) = %

(b) Find the domain and range of the function ffound in part (a).



The function fis differentiable for all real numbers. The point (3,%) is on the graph of

y = f(z), and the slope at each point (z,y) on the graph is given by Zm_y =y (6 —2z).

2
(a) Find 4y and evaluate it at the point (3,1).
da* 4
(b) Find y = f(z) by solving the differential equation % = y? (6 — 2z) with the initial
condition f(3) = %
6.
. . . . dy 33—z
Consider the differential equation 9= v

(a) Let y = f(z) be the particular solution to the given differential equation for 1 < z < 5
such that the line y = —2 is tangent to the graph of f Find the z-coordinate of the point of
tangency, and determine whether f has a local maximum, local minimum, or neither at this
point. Justify your answer.

(b) Let y = g(z) be the particular solution to the given differential equation for -2 < z < 8,
with the initial condition ¢(6) = —4. Find y = g(z).

7.

Let f be the function satisfying f'(z) = z,f (z) for all real numbers z, where f(3)= 25.
(a) Find f"(3).

(b) Write an expression for y = f(z) by solving the differential equation % = z./y with the initial

condition f(3) = 25.

Consider the differential equation % =x*(y-2). ’
(a) On the axes provided, sketch a slope field for the given
differential equation at the twelve points indicated.

(Note: Use the axes provided in the test booklet.) i 2 i
(b) While the slope field in part (a) is drawn at only twelve
points, it is defined at every point in the xy-plane. Describe g ' L

all points in the xy-plane for which the slopes are negative.

(c) Find the particular solution y = f(x) to the given
differential equation with the initial condition f(0) = 0. =y 0 "




9.

Consider the curve given by y* = 2 + xy.

dy _ ¥
(a) Show tha & Zy-x

(b) Find all points (x, y) on the curve where the line tangent to the curve has slope %

(c) Show that there are no points (x, y) on the curve where the line tangent to the curve is horizontal.

(d) Let x and y be functions of time ¢ that are related by the equation y* = 2 + xy. Attime ¢t = 5, the

value of y is 3 and % = 6. Find the value of % attime ¢ = 5.

10.

Consider the differential equation % = %x +y-1L
(a) On the axes provided, sketch a slope field for the given differential equation
at the nine points indicated. .
(Note: Use the axes provided in the exam booklet.)
2
(b) Find Zx—“zv in terms of x and y. Describe the region in the xy-plane in *

which all solution curves to the differential equation are concave up.

(c) Let y = f(x) be a particular solution to the differential equation with the —1
initial condition f(0) = 1. Does f have a relative minimum, a relative
maximum, or neither at x = 0 ? Justify your answer.

(d) Find the values of the constants m and b, for which y = mx + b isa
solution to the differential equation.

1.
dy _x+1

Consider the differential equation e o

(@) On the axes provided, sketch a slope field for the given differential equation at the
twelve points indicated, and for ~1 < x < 1, sketch the solution curve that passes

through the point (0, -1).
(Note: Use the axes provided in the exam booklet.)

(b) While the slope field in part (a) is drawn at only twelve points, it is defined at every
point in the xy-plane for which y z 0. Describe all points in the xy-plane, y = 0, for

ich & - _
which i 1.

(c) Find the particular solution y = f(x) to the given differential equation with the initial
condition f(0) = -2.

0




12.

The functions f and g are givenby f(x) = +x and g(x) =6 - x.
Let R be the region bounded by the x-axis and the graphs of f and
g, as shown in the figure above.

(a) Find the area of R.

(b) Theregion R is the base of a solid. For each y, where
0 < y < 2, the cross section of the solid taken perpendicular to

0|

x ~ X

the y-axis is a rectangle whose base lies in R and whose height is 2y. Write, but do not evaluate, an integral

expression that gives the volume of the solid.

(c) There is a point P on the graph of f at which the line tangent to the graph of f is perpendicular to the graph

of g. Find the coordinates of point P.

13. CALCULATOR

In the figure above, R is the shaded region in the first quadrant bounded by the
graph of y = 4In(3 - x), the horizontal line y = 6, and the vertical line x = 2.

(a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the

horizontal line y = 8.

(c) The region R is the base of a solid. For this solid, each cross section

perpendicular to the x-axis is a square. Find the volume of the solid.

14.
Let R be the region bounded by the graphs of y = vx and
= %, as shown in the figure above.

(§¥]

(a) Find the area of R.
(b) Theregion R is the base of a solid. For this solid, the

cross sections perpendicular to the x-axis are squares. It

Find the volume of this solid.
(c) Write, but do not evaluate, an integral expression for the

(0.6

(2.0)

4,2)

volume of the solid generated when R is rotated about ()
the horizontal line y = 2.

15.

Let R be the region in the first quadrant bounded by the graphs of y = ¥x and y

(a) Find the area of R.

o+

W=

(b) Find the volume of the solid generated when R is rotated about the vertical line x = —1.

(c) The region R is the base of a solid. For this solid, the cross sections perpendicular to the y-axis are

squares. Find the volume of this solid.



16. CALCULATOR

Let R be the region bounded by the graph of y = ¢**™* and the
horizontal line y = 2, and let S be the region bounded by the graph of

y= ¥ and the horizontal lines y =1 and y = 2, as shown above.
(a) Find the area of R. 5
(b) Find the area of S. I
(c) Write, but do not evaluate, an integral expression that gives the i
volume of the solid generated when R is rotated about the
horizontal line y = 1.
-1 0

17. CALCULATOR

¥ X x
Let f be the function given by f(x) == - -= +3cos x. Let R

be the shaded region in the second quadrant bounded by the graph of f,
and let S be the shaded region bounded by the graph of f and line #,
the line tangent to the graph of f at x = 0, as shown above.

(a) Find the area of R.

(b) Find the volume of the solid generated when R is rotated about the
horizontal line y = -2.

(c) Write, but do not evaluate, an integral expression that can be used
to find the area of S.

18. CALCULATOR

Let f and g be the functions given by f(x) =1+ sin(2x) and

g(x)= ¢?. Let R be the shaded region in the first quadrant enclosed by
the graphs of f and g as shown in the figure above.

(a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the
x-axis.

(c) Theregion R is the base of a solid. For this solid, the cross sections
perpendicular to the x-axis are semicircles with diameters extending
from y = f(x) to y = g(x). Find the volume of this solid.

19. CALCULATOR

Let f be the function given by f(z) = 4z* — z°, and let
£ be the line y = 18 — 3z, where £ is tangent to the y" 2
graph of f. Let R be the region bounded by the graph of

f and the maxis, and let S be the region bounded by the

graph of f, the line , and the z-axis, as shown above.

(a) Show that £ is tangent to the graph of y = f(z) at
the point z = 3.
(b) Find the area of S.

{¢) Find the volume of the solid generated when R is revolved about the z-axis.



20. CALCULATOR

Let R be the region bounded by the y-axis and the graphs of y
3
y= — 7 and y = 4 — 2z, as shown in the figure above. \ i 4l (5
l+z I~ i
(a) Find the area of R. L . Il
(b) Find the volume of the solid generated when R is revolved L’l il
R

(¢)

about the z-axis.

The region R is the base of a solid. For this solid, each cross :
) J

section perpendicular to the z-axis is a square. Find the \

volume of this solid.

21. NO CALCULATOR (OMIT part (b))

2

Let R be the region enclosed by the graph of y = - , the line x=1, and the x-axis.

(a)
(b)

x*+1
Find the areaof R .

Find the volume of the solid generated when R is rotated about the y-axis.

22. NO CALCULATOR (OMIT part (o))

Let
(a)
(b)
(©)

R be the region enclosed by the graphs of y =¢* , y =(x—1), and the line x =1.
Find the area of R .
Find the volume of the solid generated when R is revolved about the x-axis.

Set up. but do not integrate. an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the y-axis.




ANSWERS

Q=kdt
&y y
(a) dt or h1|y| =kt+C

y= Ceh y= eh-o»C;

t=0=C=10% C,=In10°

Ly=10%"
1 6k

t=6=>—=¢
pJ

In2

2
(b) d_y= =—"7.6-10°
dt 6

=-10°In2

Decreasing at 10°In2 gal/year

(c) 5-10* =10%"
Skt=-In20
r_—InlO
T
6
In20
=62 =6log, 20
In2

In20

In2

6

years after starting

2.
a) y = A/X
b) y= Aex2—lnx

x2+1

A y=

dy 32" +1
dz ~ 2y

dy 3+1 4 1

dx 1'*1 T 2.4 8 2
v

1
() y-4=5@-1)

1
f12) -4~ 3(12-1)

fl2)~01+4=41

(¢) 2ydy=(3z®+1)dz
/2ydy=/(3:r2~1)dz

yY=24z4C

£2=14+14C

U=C

Y=2"+r+14

y=+23+z+ 14 is branch with point (1,4)
fle)=Vad+z+14

(d) f(1.2)=v1.23 4+ 1.2+ 14~ 4.114

4.
(a) € dy = 32°dz

2

e =2 +C

(M

e =2 +C

y= ln(2z"; + C)

B | =

In(0+C); C=e

B —

1
2

y= %111(21" +e)

(b) Domain: 22° 4+ ¢ >0

5 lc
T2y

S

Range: —o0 < y < o0

c)l '




5. 6.
d’y dy 2 (a) B _ ) when z=3
(@) z=2g (6-22)-2% dz
= 2%(6 — 2z)? — 22 d’y _—y—-y(8-1) _1
p - p = 5
dz* (3,—2) y* a2) 2
dy —0— 2(3)2 _ 1 so f has a local minimum at this point.
dz? [, 1) 4 8
123 or
Because fis continuous for 1 < z < 5, there
is an interval containing z = 3 on which
y < 0. On this interval, d_g is negative to
(b) yi:’dy = (6 — 2z)dz the left of z =3 and Z—z is positive to the
right of z = 3. Therefore fhas a local
B T minimum at z = 3.
¥
-4=18-94+C=9+C (b) ydy=(3-z)dz
C=-13 %y2=3x—%z2+0
y= 1
z? — 6z +13 8=18-18+4C;C=38
y? =6z —z° + 16
y = bz —2* + 16
7 8.
") = T 4 2 LE — T+ @
(a) f(z)=/f(=) + T fla)+ 5 /S s /
@) =vB+2=19 - & -
2 2
N == %
1
(b) —=dy =zdx
%X \
VY A — \ x
Lo
2Jy = Ex +C
(b) Slopes are negative at points (x, y)
1 1 where x # 0 and y < 2.
NB=-(BF +C; C==
2 2
1 4
(c) Tdy = x"dx
Vi = izg + 14—1 y-2 .
1n|y—2|=§x5+C
1, 1Y 1,, o _ 5
y= Zzz+7) =E(z'+ll) |y—2|—e]e—j
y—2=Ke§r, K = +e*
2=Ke’ =K
15

©

y=2-2e




9. 10.
@ 2yy'=y+xy
2y-x)y =y @ ,
r__ Y
Y= 2y —x ~ 2 f
~N
® 2X—=1
2y-x 2 ﬁﬁ\_ﬂ
2y =2y-x
x=0 d? d
- ay_1, & _1 _1
y =12 ® Sr=3t =2ty
(0, ‘/2_), (0, ‘ﬁ) Solution curves will be concave up on the half-plane above the line
D VN
y=-gx+o.
y 2
© 3,5= © 2 =o+1-1=0amd % =o0+1-1s0
2y * dxw-” 2(0.1) 2
y= 0 Thus, f has a relative minimum at (0, 1).
The curve has no horizontal tangent since
2
0% # 2+ x-0 forany x. (d) Substituting y = mx + b into the differential equation:
m=%x+(mx+b)—l=(m+%)x+(b—l)
P _7 emael bl m=_L -1
(d) When y=3, 3 —2+3xsox—3. ThenO—m+2andm—b Lm= 2andb_2.
& _dy d__y
dt dx dt 2y-x dt
3 dx 9 dx
Att=5 b6=—F5 —=77 —
6 dr 11 dt
& 2
dt|;.s 3
1. 12.
@ y »
2 - Ly g200T 22
-~ 4 (a) Area-joJ;dx+222_3x  +2=Z
—-— 1 s
—T i ! x
® y=vx = x=)?
- \ y=6-x = x=6-y
- ot Width = (6 - y) — »°
0 1=l oy Volume=_(;2y(6-y-y2)dy

%: 1 forall (x, ) with y = —x—1and y %0

(_vd\:((x+l)dx
2 2
¥ _x
=7 +x+C
(=2 _0? _
3 _7+0+C:>C—2

)'2=xz+2x+4

Since the solution goes through (0,-2), y must be
negative. Therefore y = —Z 2x+ 4.

©

g'(x)=-1
Thus a line perpendicular to the graph of g has slope 1.

F0) =57

1 =1 = x=l
2¥x 4

The point P has coordinates (%, % .




14.

13.
4 2 2|54,
(@) I:(G ~4In(3 - x)) dx = 6.816 or6.817 (a) Area =f0 (J;—g)&:?x’/z ‘XT =3
2 . . i ) 2
(b) ”Io ((8—4ln(3—x))2 _(8—6)3)dx (b) vclume=fu (,/;_%) dx:J;[X-X3/2+T]dx

=168.179 or 168.180

© | 02(6 ~ 4In(3 - x))* dx = 26.266 or 26.267

(c) Volume = n’J

15. 16.
2x-x* - =
The graphs of y = Jx and y = Z intersect at the points ¢ = 2 when x = 0.446057, 1553943
3 Let P = 0.446057 and Q =1.553943

(0, 0) and (9, 3).

0 > .
@ AreaofR:f (e —2)dx=0.514
P

9
(a) f(&-ﬁ)dx=4.5
0 3
OR
3 2 R
J.o(3y_y )dy=4-5 ®) e * =1whenx=0,2

2 5
Area of S=f (ez""‘- —l'dx—AreaofR
0

=2.06016 — Areaof R = 1.546

3 2
(b) ;zf ((3y+1)2 - (y* +1) )dy OR
’ 2077 fp(ez'”: “')d"*(Q‘P“*fz(eh'xl ~1) s
= 207% _ 130,061 or 130.062 0 0
5 =(0.219064 + 1.107886 + 0.219064 = 1.546
Q

(c) Volume = ”J ((ez’f""2 - l.)2 -(2- 1)2) dx

P

© I:(Ziy—yz)z dy = 8.1




17.
For x <0, f(x)=0 when x = -1.37312.
Let P =-1.37312.

(a) Areaof R=| ;’ £(x) dx = 2.903

(®) Volume = zjz((f(x) +2)? - 4) dx = 59361

(c) The equation of the tangent line ¢ is y =3 - %x.

The graph of f and line / intersectat 4 = 3.38987.

Areaof § = J:((3 - %x) - f(x)) dx

18.

The graphs of f and g intersect in the first quadrant at
(S, T) = (1.13569, 1.76446).

@ Area=["(f(x)- g(x)) dx
=J.Us(l +sin(2x) - e"lz) dx
= 0.429

®) Volume = [ ((f(x))’ - (8(x))") dx

_ S . 2 ([ x[2)?
= ”fn ((l +sin(2x)) (e ) ) dx
= 4.266 or 4.267

s
(c) Volume —J‘o %(M)Z dx

* 2(1+sin(2x) - Y
_ E sin -
[y

0
=0.077 or 0.078

19.
(2) fl(z)=8z—32% f(3)=24-27=-3
f3)=36-27=9
Tangent line at z= 3 is
y=-3z—-3)+9=-3z+18,

which is the equation of line £.

(b) flz)=0atz=4

The line intersects the z-axis at z = 6.
_1 Y2 3
Area = 2(3)(9) - j; (42% — 2* )dz
= 7.916 or 7.917
OR

Area =f:((18—31‘)—(41'2 —2°))dz
+ %(2)(18—12)

= 7.916 or 7.917

(¢) Volume = 71-‘[:(412 —13)2da:

= 156.038 7 or 490.208

20.
Region R
xll

T =4 -2z at z= 1487664 = A
z

, 3
(a) Area = j;‘i[4 —2% - i x.z]a'z

= 3.214 or 3.215

(b) Volume

A ' 3 ¥
= ‘h’j;) [(4 —2.’17)2 _[1-{»-_12] ]dz

= 31.884 or 31.885 or 10.1497

A 3y
{¢) Volume = j; [4—21—1_::_:[2] dzr

= 8.997




21.

1 2

(a) Area =J dx

ox-+1

! 1
=J l———dx
0 x +1

1
=Xx—arctan x 0

1=
4

(b) Volume = 77[J {

,)

-
(—-—wu:

22.
a)
(a) A=J.;e"—(x—1)2 dx
=J‘1e"—x2 +2x—1dx
0
x 1 !
—¢ ]l‘g(x‘1)3]o
=(e—l)—§=e—§
b)

1

0

nf( —(x=1D")dx = n(z

27

10

|




