Chapter 4 Free Response
1. No Calculator

A particle moves along the x-axis i such a way that its acceleration at time 7 for />0 1is
given by a(7) = 4cos(2¢). At time #=0 , the velocity of the particle 1s v(0)=1 and its
position is x(0)= 0.

(a) Write an equation for the velocity v(#) of the particle.

(b) Write an equation for the position x(¢) of the particle.

(c) For what values of 7, 0 <7< 7, is the particle at rest?

2. No Calculator

A particle moves on the x-axis so that its velocity at any time 7 =0 is given by
2 . . . .
v(t)=12¢ —361+15. At f=1, the particle is at the origin.

(a) Find the position x(f) of the particle at any time 7=>0.
(b) Find all values of 7 for which the particle is at rest.
(c) Find the maximum velocity of the particle for 0 <7<2.

(d) Find the total distance traveled by the particle from =0 to 7=2.

3. No Calculator

A particle moves along the x-axis so that its velocity at any time 7 =0 is given by
w(t)=3t* =2t —1. The position x(¢) is 5 for 1= 2.

(a) Write a polynomial expression for the position of the particle at any time 72> 0.
(b) For what values of 7, 0 <7 < 3, is the particle’s instantaneous velocity the same as
its average velocity on the closed interval [0,3]?

(c¢) Find the total distance traveled by the particle from time 7= 0 until time #=3.

4. No Calculator

A particle moves along the x-axis with acceleration given by a(f) =cost for 7> 0. At
t =0, the velocity v(¢) of the particle is 2, and the position x(7) is 5.

(a) Write an expression for the velocity v(7) of the particle.
(b) Write an expression for the position x(7).

(¢) For what values of 7 is the particle moving to the right? Justify your answer.

(d) Find the total distance traveled by the particle from 7 =0 to ¢ :g .



5. No Calculator
A particle moves along the x-axis so that its velocityattime 7. 0 <7 <5, 1s given
by v(t)=3(—1)(r—3). Attime r=2_ the position of the particle 1s x(2)=0.
(a) Find the minimum acceleration of the particle.

(b) Find the total distance traveled by the particle.

(c) Find the average velocity of the particle over the interval 0 <7 <5.

6. No Calculator

A particle, mnitially at rest. moves along the x-axis so that its acceleration at any time
120 1sgwven by a(f) =121 — 4. The position of the particle when r=1 1s x(1)=3.

(a) Find the values of ¢ for which the particle 1s at rest.
(b) Write an expression for the position x(¢) of the particle at any time 720
(c) Find the total distance traveled by the particle from =0 to =2

7. Calculator

A particle moves along the x-axis so that its velocity v at time w(1)
t 20 is given by v(f) = sin('t2 ) The graph of v 1s shown above
for 0 <t < 5. The position of the particle at time 7 is x(7) and
its position at time 7 = 0 1s x(0) = 5.

(a) Find the acceleration of the particle at time ¢ = 3.

(b) Find the total distance traveled by the particle from time 7 = 0 =
tof=3.

(c) Find the position of the particle at time = 3.

(d) For 0 £ <57, find the time 7 at which the particle

1s farthest to the right. Explain your answer.
8. No Calculator

Let g be a continuous function with g(2) = 5. The graph ¥
of the piecewise-linear function g’. the derivative of g, 1s (1) (7.1

shown above for -3 < x £ 7. ( l&/\ , /

(a) Find the x-coordinate of all points of inflection of the o
graph of y = g(x) for -3 < x < 7. Justify your \/
answer. 1

(b) Find the absolute maximum value of g on the
mterval -3 < x £ 7. Justify your answer.

(c) Find the average rate of change of g(x) on the
mterval -3 = x = 7.

(-3,-4)

Graph of g*

(d) Find the average rate of change of g'(x) on the interval —3 < x £ 7. Does the Mean Value Theorem
applied on the interval -3 < x < 7 guarantee a value of ¢, for =3 < ¢ < 7, such that g"(¢) 1s equal
to this average rate of change? Why or why not?



9. No Calculator

Let f be a function defined on the closed interval -5 < x < 5 y
with f(1) = 3. The graph of f', the derivative of f. consists
of two semicircles and two line segments, as shown above. 21

(a) For —5 < x < 5, find all values x at which f has a m 1
relative maximum. Justify your answer.
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(b) For =5 < x < 5, find all values x at which the graph of f —11
has a point of inflection. Justify your answer. G.-D

(¢) Find all intervals on which the graph of f is concave up
and also has positive slope. Explain your reasoning. Graph of f*

(d) Find the absolute minimum value of f(x) over the closed interval —5 < x < 5. Explain your reasoning.

10. No Calculator

The graph of the function f above consists of three line

segments. (1.2

(a) Let g be the function given by g(x) = [2 f(t)dr.
For each of g(—1), g(-1). and g"(-1). find the . - \(2, (e))
value or state that it does not exist. o

(b) For the function g defined in part (a). find the (-1,-2) 1
x-coordinate of each point of inflection of the graph (3, -2)
of g on the open interval —4 < x < 3. Explamn (-4._3) T
your reasoning.

Graph of f

3
(c) Let /i be the function given by A(x) = j f(1)dt. Find all values of x in the closed interval
X
—4 = x = 3 for which A(x) = 0.

(d) For the function / defined in part (c). find all mntervals on which % is decreasing. Explain your
reasoning.

11. No Calculator

N
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Graph of f
Let f be a function defined on the closed interval [0, 7). The graph of f, consisting of four line segments,

is shown above. Let g be the function given by g(x) = _[: () dt.

(a) Find g(3), g(3), and g”(3).
(b) Find the average rate of change of g on the interval 0 £ x £ 3.

(¢) For how many values ¢, where 0 < ¢ < 3, is g’(¢) equal to the average rate found in part (b) ? Explain
your reasoning.

(d) Find the x-coordinate of each point of inflection of the graph of g on the interval 0 < x < 7. Justify your
answer.



12. No Calculator
3
The functions f and g are given by f(x) = J‘OXJ4 + 1% dt and g(x) = f(sin x).
(a) Find f’(x) and g’(x).
(b) Write an equation for the line tangent to the graph of y = g(x) at x = 7.

(c) Write, but do not evaluate, an integral expression that represents the maximum value of g on the interval
0 € x £ x. Justify your answer.

13. Calculator

Distance from the
i 22
river’s edge (feet) 0 8 14 | 22 | 24
Depth of the water (feet) 0 7 8 2 0

A scientist measures the depth of the Doe River at Picnic Point. The river 1s 24 feet wide at this location.
The measurements are taken in a straight line perpendicular to the edge of the river. The data are shown
in the table above. The velocity of the water at Picnic Point, 1n feet per minute. 1s modeled by

v(t) =16 + 2sin(Vf +10) for 0 < ¢ <120 minutes.

(a) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
area of the cross section of the niver at Picnic Point, in square feet. Show the computations that lead
to your answer.

(b) The volumetric flow at a location along the river 1s the product of the cross-sectional area and the
velocity of the water at that location. Use your approximation from part (a) to estimate the average
value of the volumetric flow at Picnic Point, in cubic feet per minute. from 7 =0 to r =120
minutes.

(c) The scientist proposes the function f, given by f(x) = 8sin ZX) . as a model for the depth of the
24

water, i feet, at Picnic Poimnt x feet from the river’s edge. Find the area of the cross section of the
river at Picnic Point based on this model.

(d) Recall that the volumetric flow 1s the product of the cross-sectional area and the velocity of the water
at a location. To prevent flooding, water must be diverted if the average value of the volumetric flow
at Picnic Point exceeds 2100 cubic feet per minute for a 20-minute period. Using your answer from
part (c). find the average value of the volumetric flow during the time mterval 40 < ¢t < 60 minutes.
Does this value indicate that the water must be diverted?



14. Calculator

A test plane flies in a straight line with t (min) ol slioli1sl20]25]30] 35
positive velocity v(#), in miles per W(r) (mpm) | 7.0 |92 |95 |7.0 |45 |24 2443

minute at time # minutes, where v is a

40

7.3

differentiable function of 7. Selected
values of v(#) for 0 €t £ 40 are shown in the table above.

(a)

(b)

(©)

(d)

Use a midpoint Riemann sum with four subintervals of equal length and values from the table to

. 40 . . .
approximate Io V(1) dt. Show the computations that lead to your answer. Using correct units,

. . 40 . .
explain the meaning of jo V(1) dt in terms of the plane’s flight.

Based on the values in the table, what is the smallest number of instances at which the acceleration
of the plane could equal zero on the open interval 0 < r < 40? Justify your answer.
The function f, defined by f(1) =6+ cos(%) + 3sin(%)._ 1s used to model the velocity of the

plane, in miles per minute, for 0 < ¢ < 40. According to this model, what is the acceleration of the
plane at t = 23 ? Indicates units of measure.

According to the model f, given in part (c), what is the average velocity of the plane, in miles per
minute, over the time interval 0 < ¢ < 40?

15. NoO Calculator

! 0 15 | 25 | 30| 35 | s0 | 60
(sec)
v(t)

20 | 30 | 20| <14 | -10] o | 10
(ft /sec)
a(t)

5 2 2

(ﬁ/secz) 1 5 2 1 2 4 2

A car travels on a straight track. During the time mterval 0 < 7 < 60 seconds, the car’s velocity v, measured in
feet per second, and acceleration a, measured in feet per second per second, are continuous functions. The table
above shows selected values of these functions.

. . . ; . 60 . . ;
(a) Using appropriate units, explain the meaning of [ » |v()| dt 1 terms of the car’s motion. Approximate

. . . : . 30 ‘ . . .
(b) Using appropmnate units, explain the meaning of [ o a(t) dt 1 terms of the car’s motion. Find the exact value

[30 |v()| dt using a trapezoidal approximation with the three subintervals determined by the table.

of [soa(t) dt.

(c) For 0 < t < 60, must there be a time ¢ when v(t) = =5 ? Justify your answer.

(d) For 0 < t < 60, must there be a time ¢ when a(7) = 0 ? Justify your answer.




16. Calculator

The temperature, in degrees Celsius (°C), of the water in a pond 15 a + W(z)
differentiable function 117 of time ¢. The table above shows the water (dﬁg"s) (;(é)
temperature as recorded every 3 days over a 15-day period. 3 31
(a) Use data from the table to find an approximation for 1W7/(12). Show the g gi
computations that lead to your answer. Indicate units of measure. 12 29
15 21

(b) Approximate the average temperature, in degrees Celsius, of the water
over the time interval 0 < ¢ < 15 days by using a trapezoidal
approximation with subintervals of length At = 3 days.

(¢) A student proposes the function P, given by P(t) = 20 + 10te'™"/®  as a model for the
temperature of the water in the pond at time ¢, where 7 1s measured in days and P(#) 1s
measured in degrees Celsius. Find P’'(12). Using appropriate units, explain the meaning of
your answer in terms of water temperature.

(d) Use the function P defined in part (c) to find the average value, in degrees Celsius, of P(t)
over the time interval 0 < ¢ < 15 days.

17. Calculator
A water tank at Camp Newton holds 1200 gallons of water at time ¢ = 0. Durning the time interval
0 =t < 18 hours, water 1s pumped into the tank at the rate
W (t) = 95v7 s’ (%) gallons per hour.
During the same time interval, water 1s removed from the tank at the rate

R(t) = 275sin’ (%) gallons per hour.

(a) Is the amount of water in the tank increasing at time ¢ = 15 ? Why or why not?

(b) To the nearest whole number. how many gallons of water are in the tank at time ¢t =18 ?

(c) Atwhattime 7, for 0 < ¢ < 18, 1s the amount of water in the tank at an absolute minimum? Show the
work that leads to your conclusion.

(d) For t > 18, no water 1s pumped into the tank, but water continues to be removed at the rate R(t)
until the tank becomes empty. Let & be the time at which the tank becomes empty. Write, but do not
solve, an equation involving an integral expression that can be used to find the value of £.



18. Calculator

For 0 ¢ < 31, the rate of change of the number of mosquitoes on Tropical Island at time ¢ days 1s

modeled by R(t) = 5Vt cos(%) mosquitoes per day. There are 1000 mosquitoes on Tropical Island at

time f = 0.

(a) Show that the number of mosquitoes 1s increasing at time ¢t = 6.

(b) Attime ¢ = 6. 1s the number of mosquitoes increasing at an increasing rate, or 1s the number of
mosquitoes increasing at a decreasing rate? Give a reason for your answer.

(c) According to the model. how many mosquitoes will be on the 1sland at time 7 = 317 Round your
answer to the nearest whole number.

(d) To the nearest whole number, what 1s the maximum number of mosquitoes for 0 < ¢ < 31?7 Show
the analysis that leads to your conclusion.

19. Calculator

. ’ 2
The number of gallons, P(f), of a pollutant in a lake changes at the rate P(r) = | - 3e 024 gallons per day,
where ¢ is measured in days. There are 50 gallons of the pollutant in the lake at time ¢t = 0. The lake is
considered to be safe when it contains 40 gallons or less of pollutant.

(a) Is the amount of pollutant increasing at time ¢ = 9 7 Why or why not?
(b) For what value of t will the number of gallons of pollutant be at its minimum? Justify your answer.
(¢) Is the lake safe when the number of gallons of pollutant is at its minimum? Justify your answer.

(d) An investigator uses the tangent line approximation to P(¢) at ¢ = 0 as a model for the amount of pollutant
in the lake. At what time ¢ does this model predict that the lake becomes safe?

20. Calculator

A tank contains 125 gallons of heating oil at time ¢ = 0. During the time interval 0 < ¢ < 12 hours,

heating oil is pumped into the tank at the rate

10
H(t)=2 allons per hour.
(t) +(1+ln(t+1)) gallons per hour
During the same time interval, heating oil is removed from the tank at the rate

2
R(t)= 125in[;—7] gallons per hour.

(a) How many gallons of heating oil are pumped into the tank during the time interval 0 < ¢ < 12 hours?

(b) Is the level of heating oil in the tank rising or falling at time ¢ = 6 hours? Give a reason for your
answer.

(¢c) How many gallons of heating oil are in the tank at time ¢ = 12 hours?

(d) At what time ¢, for 0 < <12, is the volume of heating oil in the tank the least? Show the analysis

that leads to your conclusion.



